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Abstract

First-Order Logic (FOL) is a powerful language for specifying sys-
tem invariants and properties, yet its formal complexity often hin-
ders its adoption. To address this, we present Folloy, a novel tool
that synthesizes FOL specifications from examples. Our core contri-
bution is a new approach that translates the specification learning
problem into a constraint satisfaction problem by declaratively
modeling FOL’s syntax and semantics in the Alloy Analyzer. This
method is highly expressive, allowing for the synthesis of non-
prenex formulas and user-defined syntactic constraints. By lever-
aging a Max-SAT solver, Folloy also guarantees that the learned
formula is minimal in size. We evaluate our tool on a suite of bench-
mark problems and show that while this general approach is slower
than a specialized algorithm, it solves a broader class of problems,
establishing a clear trade-off between performance and expressive
power.
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1 Introduction and Background Work

A specification in first-order logic (FOL) details contraints on a
system’s state; often, invariants, pre- and post-conditions, and re-
lational properties are expressed with FOL. Formal methods tools
such as Alloy, TLA+, and Dafny are built upon FOL.

However, writing a specification requires learning formal logic,
which has shown to have a steep learning curve [2, 6]. This presents
specification learning from examples as a potential solution. In this
framework, the user would provide positive and negative examples;
i.e. structures desired and structures prohibited in the system. The
goal is to output a separator formula in FOL such that it satisfies
the positive examples and contradicts the negative examples.
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Figure 1 shows an example of a separator where the formula
states that every edge must be part of a triangle. Thus, the formula
separates the examples marked by + from examples marked by —.
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Figure 1: Example of Separator from Koenig et al. [3]
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A k-depth prenex separator is a formula whose quantifier prefix
has length < k; Koenig et al. show this separability problem is
NP-complete and give a fixed-k algorithm [3].

Inspired by Zhang et al [7], this work proposes a method for find-
ing a separator by encoding this problem in AlloyM2*, an extension
of Alloy Analyzer that uses a Max-SAT solver. This approach also
allows for a minimization constraints (such as on the number of
symbols), often leading to more legible and simpler formulas. Fol-
lowing their approach, we also focus on the constrained first-order
separability problem and also allow for additional syntactic con-
straints on the separator, taking full advantage of Alloy’s expressive
language. This method is implemented in a new tool, named Folloy.

Folloy has multiple potential applications. It can be used as part of
an inductive invariant learning algorithm such as the ICE/IC3 algo-
rithms. Another application is program sketch: Scythe [1] achieves
completion of protocol sketches using a CEGIS loop in TLA+. Folloy
can potentially fill in holes for Alloy when provided positive and
negative instances. Folloy can be also used in specification repair
by providing incorrect specification along with examples and using
a constraint to keep the new specification structurally as closest
possible to the original.

2 Problem Formulation

A model triple M = (D, R, A) where

e D = {Ds}es is a set of domains indexed by sorts s in the sort
set S. D == @ | c5, D is a set of constants.

o Ru=@ | r(csy, ..., Cs, ), Ris a set of relations among the constants
in the domain.

o A={As}ses where A := @ | x  cs, Ais a set of functions from
variables to constants.

The semantics of satisfaction M k ¢ is given by a standard multi-

sorted model-theoretic definition such as in [4].

A constrained FOL separability problem is defined by a triple
(P,N, @) where P and N are set of positive/negative example mod-
els and @ is an FOL formula that constrains the syntactic structure
of the separator.



The goal is to find a separator formula ¢ such that for all M € P,
M E ¢ and for all M’ € N, M’ ¥ ¢; i.e., a formula that satisfy the
positive examples and does not satisfy the negative examples.

3 Alloy Encoding

The syntax is encoded in Alloy as a directed acyclic graph (DAG). We
use Alloy signatures to define the language’s components, including
logical connectives (And, Or, Not), quantifiers (Forall, Exists),
and atomic formulas (Atom). A set of structural facts constraints
all components to form a valid DAG and ensure the variables are
bound and scoped to quantifiers correctly.

The semantic encoding implements the formal semantics. A
generated formula is constrained such that for all Environments
and components, the elements within the model are a satisfying
embedding of the given component.

For example, Figure 2 contains the semantic rule for the Forall
quantifier. We define that the Forall quantifier is satisfied in an
Environment if and only if for all elements of the model e, the
body is true in the Environment extended with e for the bound
variable of the quantifier. To make semantics of quantifiers correct,
the encoding also includes all variable assignments hard-coded.

// A "sig" (signature) defines a type of atoms.

abstract sig Model {
elements: set Element,
interpretation: Relation
satisfies: Environment

-> set Tuple,
-> set Formula }

// "fact"
fact Semantics { all s:

defines constraints for the semantics.
Model {

Environment, f: Forall |

(env -> f) in s.satisfies iff

(all e: s.elements | e.sort

implies

(one enb: extendEnv[env,
(enb -> f.body)

all env:

f.var_sort

f.bound_var,

el |
in s.satisfies)) }}
one sig Env31 extends Environment {} { mapping =
VO->EQ + V1->EQ@ + V2->E0Q }

Figure 2: Semantic Encoding in Alloy

Examples are translated into a signature extending the PosModel
signature along with the elements of the example. The relations
over the example is defined as a fact as shown in Figure 3.

Running the Alloy with the fact that the root satisfies the positive
examples and does not satisfy the negative examples outputs an
instance which is a separator.

4 Results

The evaluation we used is the test suite containing positive and
negative examples from Koenig et al. [3]. With reduced number
of total examples, Folloy had a success rate of 100% on all 6 prob-
lems. However, the average runtime was 6.03 minutes using the
SAT4JMax solver compared to Koenig et al.’s 0.3 seconds.

We also compared the generated formula with and without the
minimization clause for the number of symbols. With the exception
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1 abstract sig PosModel extends Model {3}

3 one sig PS@ extends PosModel{} {
EQ + E1 }

elements =
¢ fact PS@Constraints {

7 some t: PSO@.interpretation[edgeRel] |
tup[Io] EQ@ and t.tup[I1] E1 }

t.

Figure 3: Examples Encoded in Alloy

of one problem, adding the minimization found a smaller formula.
Given that a FOL separability problem may have multiple semanti-
cally distinct separators, minimized formulae may not be logically
equivalent to the non-minimized formula.

Formula | Not Minimized Minimized
01 Fw0Fwl.(f(v0) =00V f(v1) = | F00.f(v0) = 00
vl)
02 Fo0Vo1302.(E(v2,01) A | Yo0301.E(v1,00)
- (E(v0,02) A E(v1,00)))
03 Yo0VYo1302.(E(v1, 00) = | Yo0VYo1302.(E(v1,00) =

(E(v2,00) A E(v1,02))) (E(v2,00) A E(v1,02)))

Table 1: Examples of Minimized Formulas

5 Future Work and Conclusions

We have presented Folloy as a novel tool to solve the constrained
first-order separability problem. It presents a more general approach
compared to the existing method [3] allowing for guaranteed short-
est formula, non-prenex formulas, and additional constraints.

The biggest limitation is the need for the environment encoding.
Our encoding requires EV hard-coded Environments where E is the
maximum number of constants and V is the number of free variables.
This means that Folloy is only suitable for examples with a relatively
small number of constants. One solution we are currently exploring
is to fix a prenex quantifier and use Alloy to generate the body of
the formula. This approach reduces the runtime significantly as
it doesn’t require hard-coded environment and also opens up the
possibility for parallelization with each Alloy instance. However,
it would also sacrifice the generality as we are only restricted to
prenex formulas.

As future work, we plan a small DSL for constraints (reducing
Alloy-level errors) and a brief checklist for curating P/N (diverse
boundary cases, near-miss negatives, and a minimal witness ba-
sis to cut solve time). AlloyM* also allows for other interesting
features, such as constraint maximization. Instead of just positive
and negative examples, we can add semi-positive or semi-negative
examples where AlloyM¥ will try to satisfy as many as possible but
does not need to satisfy all to output an instance. This allows for
examples in which the user is unsure of its correctness and allows
for extra expressiveness. Maoz et al. [5] similarly has an alternative
option for synthesizing constructor and component models.
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